We apply stochastic quantization method to real symmetric matrix-vector models for the second quantization of non-orientable strings, including both open and closed strings.
Recently, the matrix model approach to superstrings has been investigated extensively as the non-perturbative definition of superstring theories, especially for type IIA [1] and IIB [2] theories. The explicit construction of superstring field theories may be somehow an analogue of the construction of non-critical string field theories [5] via the double scaling limit of the matrix models [3] which provides not only the basis for the non-perturbative analysis of string theories but also the clear understanding of the constraints realized in the algebraic structure of the string field theoretic hamiltonian, such as the Virasoro and the W-algebra [4] . Among many works on the matrix model construction of non-critical string field theories [5] [6] [7] [8] [9] [10] [11] [12] , the algebraic structure in non-critical string field theories has been investigated mainly for orientable closed strings [5] [6] [7] , nonorientable closed strings [9] and orientable open-closed strings [10] [11] . For orientable 2D surfaces with boundaries, an interesting algebraic structure, sl(r, C) × sl(r, C) chiral current algebra including SU(r) current algebra, has been found in a field theoretic
hamiltonian of orientable open-closed strings [12] In this short note, as a toy model of type I strings, we construct non-critical nonorientable open-closed string field theories. To do this, we apply stochastic quantization method [13] to real symmetric matrix-vector models. The continuum limit of the string field theory is defined by the double scaling limit of the matrix-vector models. We show that the string field theoretic hamiltonian, which is the continuum limit of the loop space Fokker-Planck hamiltonian in stochastic quantization [6] [9], appears in the form of a linear combination of some new deformation generators of non-orientable strings which satisfy algebraic relations including a Virasoro algebra and a SO(r) current algebra.
For orientable 2D surfaces with boundaries, the sum of triangulated surfaces is reconstructed by the hermitian matrix-vector models [14] . In order to introduce the nonorientable open string interaction, we consider real symmetric matrix-vector models. For one-matrix case, the most general form of the action is given by
where M ij denotes a N × N real symmetric matrix. V a i is the i-th component of a Ndimensional vector and the index a runs from 1 to r. Namely, we have introduced r "colours "which are assigned to each boundary.
Let us start with the following Langevin equations for the one matrix model,
We have introduced the scale parameter λ a in the Langevin equation of vector variables.
At the double scaling limit, the parameter λ a defines the time scale for the proper time
evolution of the open string end-point along the boundaries with the "colour "index a.
The stochastic time τ is discretized with the unit time step ∆τ . We define the time
, in terms of Ito's stochastic calculus [15] . The discretized stochastic time development with ∆τ corresponds to the one step deformation in dynamical triangulation in random surfaces with open boundaries. The correlation of the white noise ∆ξ ij and ∆η a i are defined by
where we keep the λ a -independence of the equilibrium probability distribution.
The basic field variables are the closed string variables,
, and the open string variables, ψ
Following to Ito's calculus, we calculate the time development of these string variables [9] . We obtain
Here the new noise variables are defined by
The correlations of these noise variables are given by
These noise correlations are understood in the sense of Ito's calculus. This means that, for example, the expectation value of φ m+n−2 (τ ) in R.H.S. of (6) is defined with respect to the white noise correlations up to the stochastic time τ − ∆τ . We notice that < ∆ζ n (τ ) > ξη =< ∆ζ ab n (τ ) > ξη =< ∆η ab n (τ ) > ξη = 0 exactly holds. Especially, from eqs. (4)(6), the λ-independence of the equilibrium limit deduces a S-D equation which ensures the SO(r) current algebra.
The stochastic process is interpreted as the time evolution in a string field theory.
The corresponding non-critical non-orientable open-closed string field theory is defined by the F-P hamiltonian operator. In terms of the expectation value of an observable O(φ, ψ), a function of φ n 's and ψ ab n 's, the F-P hamiltonian operatorĤ F P is defined by [9] < φ(0), ψ(0)|e
In R.H.S., φ ξη (τ ) and ψ ξη (τ ) denote the solutions of the Langevin equations (4) the annihilation operatorπ n (π ab n ), respectively. The continuum limit ofĤ F P is taken by introducing a length scale "ǫ " which defines the physical length of the strings created by φ n and ψ ab n with l ≡ nǫ. At the scaling limit, the string coupling constant, G st , is kept finite with G st ≡ N −2 ǫ −D . The continuum stochastic time is defined by dτ ≡ ǫ −2+D/2 ∆τ . We also redefine field variables at the continuum limit as follows.
The commutation relations are assumed to be [Π(l), Φ(l
Then we obtain the continuum F-P hamiltonian, H F P , from H F P at the continuum limit,
By the redefinition (8), the F-P hamiltonian (9) is uniquely fixed at the continuum limit except the cosmological terms. To specify the explicit form of the cosmological terms, ρ(l) and σ ab (l) in (9), we consider the scaling limit in the simplest model,
.. = 0 and µ
.. = 0 in (1), which corresponds to 2-dimensional pure gravity, c = 0.
The double scaling limit of the real symmetric matrix-vector model belongs to the same universality class as that of the real symmetric matrix model [16] . We notice that the fine tuning of the scale parameter λ a is necessary at the limit. The scaling limit is defined by, g = g c e −c 1 ǫ 2 t , µ a = µ a c e −maǫ and λ a = g 4µ a . Then these cosmological terms are found to be
For r = 1, (10) is consistent with those appeared in the orientable string field theory [11] .
The continuum F-P hamiltonian (9) takes the form of a linear combination of three continuum generators of string deformation,
The explicit forms of these continuum generators are given by
The physical meaning of these generators are as follows. L(l), Virasoro generator, extends the string with the length "l ′ "to one with the length "l + l ′ ", J ab (l) extends only the open string by changing its endpoints with the index "b "to "a ", K ab (l) extends
both closed and open strings by cutting them and assigns the indices "a "and "b "to the open string new endpoints. In the sense of Ito calculus, the appearance of these generators can be traced to the noise correlations. Namely, ∆ζ n−1 in (5) generates the deformation which corresponds to L(l) at the scaling limit. Similarly, ∆ζ ab n−1 corresponds to K ab (l) and ∆η ab n , to J ab (l). The remaining terms in these generators come from the matrix-vector model potential and the anomaly [17] , which is equivalent to the Jacobian factor in the loop space path-integral measure.
These generators satisfy the algebra including the Virasoro algebra and the SO(r) current algebra,
In the precise sense, these commutation relations are not an algebra because the open string creation operator ψ ab (l) appears in the R.H.S. of (13) . The algebraic structure (13) is understood as the consistency condition for the constraints or "integrable condition ".
The symmetric part of the current, J ab (l) + J ba (l), generates the S-D equation which is equivalent to the λ-independence of the equilibrium distribution. While the antisymmetric part of the current, J ab (l) − J ba (l), satisfies SO(r) current algebra. We have taken the continuum limit in the simplest case (c = 0). The extension of our analysis to 0 < c < 1 cases is straightforward if we consider the multi-critical points of the matrix model [18] .
In conclusion, we have derived the F-P hamiltonian which defines the non-critical
non-orientable open-closed string field theory by applying SQM to real symmetric matrix-vector models. The origin of the algebraic structure (13) closed string theories. We also hope that the structure will be useful to construct the type I superstring matrix model.
